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Abstract 
Enomoto, H., H. Mizutani and N. Tokushige, A word problem in Artin semigroups, Discrete 
Mathematics 104 (1992) 159-166. 
The braid group, with generators 1, 2, . , n, has the presentation iji = jij if Ii - jl = 1, and 
ij=ji if Ii-jl>l. In this paper, we prove that the two products P= 1 .3.5 ... and 
Q = 2 ‘4 ‘6. . satisfy PQPQ . . = QPQP . . with n + 1 letters on each side of the equals 
sign. This is an affirmative answer to a problem of Coxeter. 
1. Introduction 
In [3], Coxeter posed the following problem. 
Problem. The braid group, with generators 1,2, . . . , n, has the presentation 
iji=jij ifli-jl=l, 
ij =ji if Ii - jl > 1. 
Prove or disprove that the two products P = 1 - 3.5 -. . and Q =2 e 4.6.. . 
satisfy PQPQ * . . = QPQP * * * with it + 1 letters on each side of the equals sign. 
In this paper, we give an affirmative answer to the problem. 
Here, we consider a topological feature of this problem. A generator i of the 
braid group corresponds to the state of braids depicted in Fig. 1. 
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Fig. 1 
For example, the problem for n = 4 corresponds to the state of braids in Fig. 2. 
Fig. 2. 
All proofs in this paper are combinatorial, but these topological images will be 
helpful to see some of the proofs. 
2. Definitions and notation 
Let r = (V, E) be a multigraph. We define the semigroup S corresponding to r 
as the following. S is generated by the elements of V subject to the relations 
. . 
IJ~J-- . = JlJl “.‘--. fori,jeV 
with e(i, j) + 2 letters on each side of the equals sign, where e(i, j) denotes the 
number of edges which join i and j. These semigroups are called Artin 
semigroups. In this paper, we deal with Artin semigroups defined by the graphs 
shown in Figs. 3 and 4. 
A 1 2 3 n 
n 
B 1 2 3 n 
n * 
Fig. 3. 
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Let X,, be an Artin semigroup with 
following notation for elements of X,. 
generators 1,2, . . . , n. We use the 
. [~,j]:=(;:j+;:::; zt;;;ise 
-- - ,- .._ _ . XlX2”‘Xk :=x1x*** * xk. (xi will be defined later.) 
. s, : = {x1x* * * . X,EX,:{q,X2 )..., xn}={l,2 )...) n}}. 
. k(X,) := min{k E N: Ak = [l, n]” for all A E S,, c X,}. 
. The Coxeter group corresponding to X, is denoted by _&, i.e., 
X&=(1,2,..., 12 1 relations in X,, i2=identityfor l~i~n). 
. The Coxeter number of X,, is denoted by h(X,& that is 
h(X,J := min{h 1 Xh = identity for all X E S,, c Xn}. 
Remark. Note that 2k(X,) 2 h(Xn). 
It is known that the cancellation law holds in Artin semigroups (see [2,4]). 
That is, if AXB = A YB E X,, then X = Y holds. This property will be used in the 
later sections. 
3. Type A, 
In A,, we define i:= n + 1 - i. Note that this operator is considered as a graph 
isomorphism of A,. We define the fundamental word A, by 
A, := [l, 1][2, l] . . . [n - 1, l][n, 11. 
In this section, we prove the following theorem which gives an affirmative answer 
to the problem of Coxeter. 
Theorem 3.1. In A,,, the following hold. 
(1) For A E A,,, A”+l= AZ holds #A E S,. 
(2) Suppose that AB E A,, n = 2m. Then, (AB)“A = A,, holds ifl AB E S,, and 
B=A. 
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(3) Suppose that A E A,, n = 2m + 1. Then, A”‘+’ = A,, ho& iff A E S,, and 
A=A. 
Remark. We verify that Theorem 3.1 answers to the question of Coxeter. In A,, 
define P:=1.3.5..., Q:=2.4*6.**. 
(1) If n = 2m, then Q = P, P = Q, and so, 
PQPQ . . . (n + 1 letters) = (PQ)“P = A, = (QP)“Q 
=QPQP.. * (n + 1 letters). 
(2) If n = 2m + 1, then PQ = PQ, QP = QP, and so, 
PQPQ . . - (n + 1 letters) = (PQ)“” = A,, = (QP)“” 
= QPQP . . - (n + 1 letters). 
To prove the theorem, we need several lemmas. 
Lemma 3.2. For all A E S,, GA = [l, n]G ho& for some G E A,_1. 
Proof. prove by induction on n. can write A the 
Xn, A = nX. If nX, have XA In both cases, we have 
YA XnY for YE A,_,. By induction hypothesis, we have 
ZX [l, n - l]Z for So, 
ZYA [l, n - l]ZnY [l, n]ZY. 
Formulae 3.3. In A,, the following hold. 
(i) k[l, n] = [l, n](k - 1) for 2 <k s n, 
(ii) l[l, n]” = [l, n12n, 
(iii) k[l, n]“+’ = [l, n]n+lk for 1 s k s n, 
(iv) A"+l = [l, n]“+’ for A E S,, 
(v) kd,, = A,l for 1s k s n, - 
(vi) A, = A,. 
Proof. (i)-(iii) follow from the definition of A,,. We prove (iv). Suppose that 
A E S,,. By Lemma 3.2, there exists G E A,, such that GA = [l, n]G. So, we have 
GA n+* = [l, n]“+‘G = G[l, n]“+‘. 
This gives A”+’ = [l, n]“+‘. For the proof of (v) and (vi), see [4]. El 
Lemma 3.4. Let m = [n/2], X = [l, m] and Y = [n, m + 11. Then it follows that 
(XY)“‘X = A,, for n even and (XY)m+l = A,, for n odd. 
Proof. Let q = [n, m + 1 -j] for 0 cj <rn and Y’ = [n - 1, m + 11. 
Claim 1. I;XY = Y’Xq+l for 0 s j s m - 1. 
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Proof. 
?;XY= [n, m + 1 -j][l, m][n, m + l] = [n - 1, m + l][n, m + 1 -j][l, m + l] 
= Y’[l, m - 1 -j][ n, m + 2][m + 1, m -j][m -j + 1, m + l] 
= Y’[l, m - 1 - j][ n, m + 2][m -j, m + l][m, m -j] 
= Y’[l, m][n, m -j] = Y’XTj+,. Cl 
Claim 2. (XY),,l = (XY’yX[n, 11. 
Proof. 
(Xn m+l = XT&W)“’ = XY’XT&W)“-’ 
= (XY’)*XT,(XY)“‘-* = . . . = (XY’)mXT, 
= (XY’)“X[n, 11. cl 
Now we prove the lemma by induction on n. 
Case 1: 12 is even. 
By Claim 2, we have Y(XY)” = (Y’X)m[n, l] = A,_l[n, l] = A,. So we obtain - 
(XY)mX = Y(XY)m = A,, = A,. 
Case 2: n is odd. 
By Claim 2, we have (XY),+l= (XY’)“X[n, l] = A,_l[n, l] = A,. This comp- 
letes the proof of Lemma 3.4. Cl 
Lemma 3.5. Zf AA E S,, n = 2m, then (AA)“A = A,. 
Proof. For AA, BE E S,,, we denote 
A + B if (AA)“A = A, implies (BB)“B = A,. 
Suppose that (XYXY)“XY = A,,. Since 
A,Y = PA, = ~(XYXY)“XY = (l%Yif)“‘$%Y, 
we have (YXYX)“YX = A,. Hence XY+ YX holds. Note that XY* YX-,n 
+ YX+XY and so XY*YX. Now we prove that A@[l, m] for all A, 
AA E S,. Suppose that AA E S,, and A = [l, k]Z, 0 6 k cm. Then Z contains 
k + 1 or k + 1. If k + 1 E Z then 
A = [l, k]X(k + l)Y = X[l, k + l]Y t, [l, k + l]YX. 
If k + 1 E Z then 
A = [l, k]X(k + l)Y = X(k + l)Y[l, k] t, [l, k]k(k + 1)Y 
= X[l, k + l]Yo[l, k + l]YX. 
Continuing this way, we have A *[l, m]. By Lemma 3.4, we obtain (AA)“A = 
A,ifAAe&. 0 
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Lemma 3.6. Zf A = A E S,, n = 2m + 1, then Am+’ = A,,. 
Proof. For A, B ES,,, we denote A+- B if Am+’ = A,, implies Brn+l = A,. 
Suppose that X = X, Y = Y and (XY)“‘+’ = A,. Since 
A,Y = A,Y= YA, = Y(XY),+l = (YX)m+lY, 
we have (YX)“‘+l = A,. Hence XY-, YX holds if X =X, Y = Y. Note that 
XY+ YX-XY and so XY++ YX. Suppose that A = ii E S,,, then A is a 
permutationofx,, . . . ,x,+~, whereq:=ii; i<m, x,+r:=m+l. Nowweprove 
that A -xIxz . - . x,+~. Let k be the smallest integer such that A = XY, where 
y=xk+lxk+2 * * ‘%n+l. Then we have X =.x&Z. Since xkY =xkY, Z = Z, we 
obtain 
A =&ZY=&YZ-ZxkY. 
Continuing this way, we have 
A -x1x2 - - . x,,,+~ = [l, m][n, m + 11. 
By Lemma 3.4, we have Am+’ = A, if A = A. •i 
Lemma 3.7. In A,,, the following hold. 
(1) Zf AB CA,, n = 2m, and (AB)“A = A,,, then B =A, AB E S,. 
(2) Zf A EA,, n = 2m + 1, and Am+’ = A,, then A =A E S,. 
Proof. (1) Suppose that (AB)“A = A,, then AB ES,. Suppose ZZ ES,, then by 
Lemma 3.5, (ZZ)“‘Z = A,. By Lemma 3.2, GAB = ZZG holds for some G E A,. 
Hence, 
GBA, = GA,B = G(AB)“+’ = (Zz)m+‘G = ZA,G = ZCA,, 
which implies GE = ZG, or GB = ZG. So, 
GAB = ZZG = ZCB, 
which implies GA = Zc = Gl?. This gives B = A. 
(2) Suppose that Am+’ = A,, then A ES,. Since AAm+’ =AA,, = A,A = 
AA m+l, we have A =A. II 
Proof of Theorem 3.1. Suppose that Am+’ = A,,, then A E S,. This and Formula 
3.3(iv) give (l), since Ai= [l, n]“+‘. (2) and (3) follow from Lemmas 3.5, 3.6, 
and 3.7. 0 
Remark. Since h(A,) = n + 1, Theorem 3.1 gives k(A,) = n + 1. 
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In this section, we deal with B, and 0,. 
Lemma 4.1. For all A E S,, GA = [l, n]G holds for some some G E S,_, in B, and 
D,. 
Proof. Similar to the proof of Lemma 3.2. Cl 
Formulae 4.2. In B,, the following hold. 
(i) k[l, n] = [l, n](k - 1) for 3 C k <It, 
(ii) 2[1, n]” = [l, n]*n, 
(iii) 12[1, n] = 2[1, n]l, 
(iv) k[l, n]” = [l, n]“k for 1 s k c n. 
Proof. It is not difficult to check these formulae using the defining relations of 
B,. q 
Theorem 4.3. For A E B,, A” = [l, n]” holds iff A E S,. 
Proof. The proof of this theorem is similar to the proof of Theorem 3.1 (1). 0 
In D,, we define i:=i if 3Cisn, &:=/3 if {a, /3} = (1, 2). Note that this is a 
graph isomorphism of 0,. 
Formulae 4.4. In D,,, the following hold. 
(i) k[l, n] = [l, n](k - 1) for 4 s k < n, 
(ii) 3[1, n]” = [l, n12n, 
(iii) (~[l, n]” = [l, n12& for cy = 1, 2, 
(iv) k[l, n]“-’ = [l, n]“-‘k for 1 c k s n, n odd, 
(v) k[l, n]“-’ = [l, n]“-‘k for 1 s k s n, n even. 
Proof. It is not difficult to check these formulae using the defining relations of 
0,. 0 
Theorem 4.5. In D,,, the following hold. 
(1) For A E D,, AtiP = [l, n]2n-2 iff A E S,. 
(2) Suppose that A E D,,, n odd. Then, A”-’ = [l, n]“-’ holds iff A E S,, and 
/i=A. 
(3) Suppose that A E D,, n even. Then, A”-’ = [l, n]“-’ holds iff A E S,,. 
Proof. Using Formulae 4.4(iv) and (v), one can prove (1) and (3) in the similar 
way of the proof of Theorem 3.1(l). We prove (2). The proof that A”-‘= 
[l, n]“-’ implies A = A ES,, is also similar to the proof of Lemma 3.7(2). So, 
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suppose that A = A E S,. Since A = A, A is represented as A = PxQ where 
x = a/3, {a; p} = (1, 2). Note that x, 3, 4, . . . , n satisfy the relations of B,_, as 
shown in Fig. 5. 
x 3 4 n 
Fig. 5. 
Therefore, by Theorem 4.3, 
A”-’ = (x . 3. 4. . . n)“-’ = [I, n]“-‘. 
Remark. Since h(B,) = 2n and h(fi,) = 2n - 2, Theorems 4.3, 4.5 give k(B,) = 
n, k(&J = 2m - 1, and k(Dti+i) = 4m. 
5. Other types 
Results in this section are obtained by calculations using a computer. 
Theorem 5.1. In the exceptional types, we have k(E,) = 12, k(E,) = 9, k(E,) = 
15, k(F,) = 6, k(&) = 5, k(H,) = 15. 
In these six types, 2k(X,,) = h(xn) holds except E6 which satisfies k(E,) = 
h(&). In Eg, define &:=/3 if {CX, /3} = (3, 4}, (5, 6}, and i:=i otherwise. Note 
that this is a graph isomorphism of Eg. 
Theorem 5.2. For A E E,, A6 = [l, 616 holds iff A E S, and A = A. 
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